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INTRODUCTION 
Ahlswede and Daykin [l] proved the following result: Let S be a dis- 
tributive lattice, and let a, fl, y, and 6 be non-negative real valued functions 
on S. If 
a(A) B(B) < ?(A v B) 6(A A B) (1) 
holds whenever A, B each contains exactly one point of S then (1) always 
holds, (a(A) = C {a(a) 1 a E A}). Similar inequalities are discussed in the 
papers [2-81. 
The object of this note is to consider a special case of this inequality and 
derive necessary and sufficient conditions for the equality to hold. 
1. PRELIMINARIES 
All posets in this note are finite. A subset Z of a poset P is an upper ideal 
if for any XEZ and any ye P, yax* y~l, and a lower ideal is defined 
correspondingly. For a poset P let Yd(P) denote the family of upper ideals 
in P. If we refer to an ideal without specifying whether it is upper or lower, 
we shall always intend an upper ideal. The elements x and y in a poset P 
are path connected if there exists a sequence of elements xi, . . . . x, in P such 
that x1=x,x,= y and xi and xi+i are comparable for each 16 id n - 1. 
A subset C separates the subsets A and B if any path from an element in 
* Present address: H.S.R.-MAT/NAT, Box 2557 Ullandhaug, 4004 Stavanger, Norway. 
123 
0097-3165190 $3.00 
CopyrIght 0 1990 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
124 ISTVliN BECK 
A to an element in B has to pass through C. The subsets A and B are said 
to be separated if they are not path connected. 
We let Id(x), Zd(x & y), Zd(x & ly) refer to the number of ideals (in P) 
that contain x, that contain both x and y, and the number of ideals that 
contain x and not y, respectively. We shall adopt a similar notation for any 
number of elements. 
DEFINITION. The pair (P, f) is called a real partially ordered set if P is 
a partially ordered set and f :  P + R+ is a function from P to the positive 
real numbers. 
We shall usually assume that the function f  is given, and simply say that 
P is a real poset. When (P, f) is a real pose& we let f(Z)=n..,f(x) for 
any subset Zc P, and f( @) = 1. For a subset T E P define 
Zd.f(T)=C {f(Z) 1 Zidealand TEZ) 
and let 
Zd*( T) 
P’iT)=- 
Zd*UZf)’ 
If the set T is a singleton (~1, we simply write Pf(z) and Id-‘(z). We shall 
also use the notation Zdf(x & y), Zdf(x & ly), etc. In most of this paper we 
shall assume that the function f :  P + R + is given. Unless we are interested 
in some particular properties of the function f ,  the superscript in the 
expressions P* and Zdf shall be omitted. 
Since f(Z)f(J)=f(ZnJ)f(ZuJ) for any two ideals Z and .Z of P, the 
result of Ahlswede and Daykin implies that 
Zd(A).Zd(B)<Zd(A u B).Zd(An B) 
for any two subsets A, B c P. In order to clarify when the equality holds, 
it shall be necessary to give an independent proof of this inequality. 
2. THE THEOREM 
We shall prove 
THEOREM 1. Let A and B be subsets of a real poset (P, f  ). Then: 
Zd’(Au B) .Zd’(A n B) >Zdf(A) .Zdf(B) 
and the equality holds exactly when any path from A to B has to pass 
through the upper ideal generated b-v A n B. 
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First an observation: 
LEMMA 1. Let I be an upper (lower) ideal of cardinality n. There exists 
then a chain of upper (lower) ideals 
I, c z, c . ’ . c I” = I 
such that IlkI = k. 
Proof Trivial. 
We also observe: 
LEMMA 2. If Q is a lower ideal in P then I = P - Q is an upper ideal, and 
there is a one-to-one correspondence between the upper ideals in P that 
contain I, and Yd(Q). The mapping takes an upper ideal J that contains I to 
Jn Q E Sd(Q). Since f (A u B) = f (A) . f (B) whenever A and B are disjoint, 
we derive that for any subset T c Q one has 
Id (T)=zdp(Tuz) 
Q 
f(Z) 
and 
P(TuZ) 
QU’)=po. 
We shall first make some reductions of Theorem 1: 
First reduction. We shall first demonstrate that it suffices to prove 
Theorem 1 in the case that A and B are disjoint. Assume that Theorem 1 
has been verified in this case, and let A and B be any subsets in P. Let G 
be the upper ideal generated by A n B, and let Q = P - G. Let A’ = A - G, 
and B’ = B - G. Then A’ and B’ are disjoint subsets of the poset Q, and 
Theorem 1 may be applied and yields that 
ZdQ(@) .ZdQ(A’u B’) >Zd,(A’) .Zd,(B’) 
and there is an equality when there is no path from A’ to B’ in Q. 
Combining this with Lemma 2 gives 
Zd( G) Zd( A’ u B’ u G) ~ Zd( A’ u G) Zd( B’ u G) -. 
f(G) f(G) f(G) ’ f(G) ’ 
Since Zd( A’ u B’ u G) = Zd(A u B), Zd( A’ u G) = Zd( A), Zd( B’ u G) = Zd( B) 
and Id(G) = Zd(A n B) the proof of this reduction is complete. 
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Second reduction. We shall then show that in order to prove 
Theorem 1 for disjoint subsets, it suffices to prove it when A and B are 
disjoint, and B is an upper ideal. Let A and B be arbitrary disjoint subsets 
of P. Let B* be the upper ideal in P generated by B, and let A’ = A - B*. 
Then A’ n B* = @ and assuming Theorem 1 for this case yields that 
Zd(@).Zd(A’uB*)>Zd(A’).Zd(B*) 
with equality iff A’ and B* are separated. Moreover, Zd(A’u B*) = 
Zd(A u B), Zd(B*) =Zd(B). Furthermore, Zd(A’)>Zd(A) and we have an 
equality iff the ideal generated by A’ contains A. It is easily seen that A and 
B are separated exactly when A’ and B* are separated and the ideal 
generated by A’ contains A. This proves the second reduction. 
We shall now prove Theorem 1 in the case that A and B are disjoint, and 
B is an upper ideal. 
LEMMA 3. Let A be a subset of a real poset P. Then 
(1) Zf Q is a lower ideal in P containing A, then P(A) < Q(A). 
(2) Zf Q is an upper ideal in P containing A, then P(A) > Q(A). 
We have equality in (1) or (2) iff A and P - Q are separated. 
Before proving the lemma, let us note that Theorem 1 follows from 
Lemma 3.1 and the previous reductions. If A and B are disjoint subsets of 
P, and B is an upper ideal, we let Q = P - B 2 A. By Lemma 2, 
P(A u B) 
Q(A)= P(B) 
and the proof of Theorem 1 is complete. 
Proof of Lemma 3. The proof is by induction on the cardinality of the 
poset P. We shall only consider the case that A is a subset of a lower ideal 
Q of P. A very similar proof may be provided for the other case. Since 
P(D) = 1 for any poset P, we may assume that A is not empty. If 1 PI < 2 
one easily proves the lemma by inspection. Assume now that both (1) and 
(2) of Lemma 3 has been proven for all posets with less than n elements 
and assume that 1 PI = n. Let Q be a lower ideal in P containing the set A. 
According to Lemma 1, it suffices to consider the case when P = Q u {z}, 
z$Q. Let L be the set of yeQ such that z>, y. The set U=Q-L is an 
upper ideal in Q. We divide the ideals in Q in two classes: 
d. The ideals in Q that are disjoint from L. 
99. The ideals in Q that are not disjoint from L. 
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Furthermore, let d’ denote the family of ideals {A u {z> 1 A E zd}, and 
similarly define 9?P. Observe that d = Yd( U). Furthermore, Yd(P) is the 
union of the disjoint families d, d’, and 99’. Recalling the multiplicative 
property off on the disjoint union of two sets, we get the equations: 
e(A)=~{f(~)I~~~&~~~~+~jf(~)I~~~&~E~} 
c {f(Z) v-4 +c {f(ov~q 
f(z).C {f(Z) I ~-q+f(Z)~C{f(4 IJ=q 
p(z)=(1+f(4)z {fuI~-q+f(4~C {f(Z) IIEB’) 
If A is not contained in U, we let U(A) = 0, and if A c_ U we have 
In both cases, simple calculation shows that 
Q(A)-P(A)={Q(A)-U(A)}.{l-P(z)}. 
To complete the proof, let us first note that P(z) < 1 and Q(A) > 0. If A is 
not contained in U, then U(A) = 0, and it follows from the last equality that 
Q(A) > P(A). This is the desired result, since in this case there exists a path 
from z to A. 
If A is contained in U the induction hypothesis implies that Q(A) 2 U(A) 
since U is an upper ideal in Q. Hence, Q(A) >/ P(A). Moreover, there is 
a path from A to z iff there is a path from A to L. We again apply the 
induction hypothesis, and the proof of Lemma 3 is complete. This also 
completes the proof of Theorem 1. 
COROLLARY 1. Let (P, f) be a real poset, and let x, y E P. Then 
Zd-‘(x&y).Zdf(lx& ly)>Zdf(x& ly).Zdf(lx&y) 
and the equality holds only iff x and y are not path connected. 
Proox If x = y the right side of the inequality becomes 0 while the left 
is positive. We assume that x # y. Theorem 1 applied to the sets A = {x} 
and B= {y> gives 
Zdf(x&y).Zdf(0)2Zdf(x).Zdf(y) 
with equality when x and y are not path connected. 
582+54/l-9 
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Using that Id’(@) = Id’(x) + Id/( 1 x), and Zdf( v) = Id/(x & y) + 
I&( 1 x & y) the inequality reduces to 
Using that Id ‘( 1 x) = Zdf( 1 x & y) + IdI{ 1 x & 1 y ) and the equality 
Zdf(x) = Zdf(x & y) + Zdf(-x & ly), we derive the desired result. 
A particular case of the- preceeding corollary is obtained when the 
function f= 1. Then Id(A) is the number of ideals containing the set A. 
We shall now see what happens with the condition for equality in 
Theorem 1 if we relax the requirement that f is a function to the positive 
real numbers, but only assume f to be non-negative. We let [A, Blf= 
Id/i,4 u B) . Zd’(A n B) - Zdf(,4) .Zdl(B), and the final result in this note 
shows that the polynom [A, KJf supplies useful information about the cut 
sets of P. The corollary has some flavour of a Nullstellensatz. 
COROLLARY 2. Let A, B be disjoint subsets of the partially ordered set P 
and let f be a non-negative real valued function on P. Then [A, Blf = 0 iff 
Zdf(A) . Zdf(B) = 0, or if every path from A to B passes through the lower 
ideal generated by the zeroes off: 
ProoJ Let K= {XEP 1 f(x)=O}, and let K* denote the lower ideal 
generated by K. We note that if U is an upper ideal in P then f(U) = 
0~-UnK#0oUnK*#@. It is now easily seen that Zdf(A)= 
0 o A n K* # 0. Hence it suffices to prove the equivalence when both A 
and B are contained in the upper ideal Q = P - K*. Moreover, Yd(Q) coin- 
cides with the upper ideals of P that are contained in Q. Since f( U) = 0 for 
any upper ideal not contained in Q, it follows that [A, B]f, = [A, B]$. 
Corollary 2 follows now from Theorem 1. 
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